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Beginning
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'\';,:nfe“t”rief What is a "theory”? Or more precisely, a quantum field theory?
Fi‘jja?h“ef,y It's a Lagrangian, which is a function that encodes all the
information about how things move/behave.

For example

( u¢) - jm ¢2
This is a function of the single field ¢ with mass m. We will
discuss the fields a little more in a moment. By assumption, to
obey special relativity, there is some representation of the
group SO(1,3) acting on the terms which leaves the
Lagrangian invariant (possibly up to total derivative).
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How should be understand the Lagrangian? Let's look ahead at
vl how they'll be used in calculation:
(0,9) - this derivative and square is the typical kinetic term: it
describes something like

¢

'—\%___

The m?¢? says it has mass m: so a particle moving along freely
with no interaction, which is not very interesting.



Interactions

wlen Since that wasn't very exciting, let's add a term to the Lagrangian:
nutson’s

Juggling L= %(@Lgb)z — %m2¢2 + g3, for some coupling constant g.

i Now we have in interaction term with three ¢ fields:
symmetric
Quantum

b
Field Theory >v
i

Suppose we consider the process ¢ — ppp. What processes are
possible?

Here are some examples (the first is called a tree diagram, the second
a loop diagram):



Interactions cont
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something like:




Fields
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Quantum
Field Theory

dp 1

P,

@U(fs t) _ (apc—v‘,pu; + a;\,c”“"),

The 0 subscript means free field. This is a scalar field because there is
one entry: some fields have terms like af,u;e""’X where the s denotes
the basis vector u®, and so there are called spinor or vector fields.
Why does it look like this?

Think about Fourier transforming the field

o(t,x) = [ & (2ﬂ)3 B-eP<¢(t, p). Then apply the O(1,3) Laplacian O, and
set equal to zero: O¢(t, x) = 0 because this is actually the equation
of motion (Euler-Lagrange equations) applied to the Lagrangian.




Fields cont.
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The solution to this equation is given by (92 — p?)¢(t, p): this
il actually has the same form as the harmonic oscillator equation
et from quantum mechanics (I know I'm skipping some steps here,
Bl sorry), so by analogy with quantum mechanics where we can
write the position operator:
X~ a-+ aT,
for creation/raising operators a', and annihilation/lowering
operators a (note: the operator a acts on the lowest-energy
state in the Hilbert space |0) by sending it to zero: a|0) =0,

we can write the field:

¢~ ap+ a,T,.

Substituting it into the Fourier-transformed expression and
doing a small minus-sign manipulation essentially produces the
field expression.



Quantization
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ﬁ';;;?:; So far, we don't know what the symbols a, at are, but in perhaps the
',”\f:j“snzpae'f key step in all of this, we quantize. We impose the following relation,
symmetric turning the a's into noncommuting operators:
I (o, o] = (27)38%(5 — k)
All the calculation happen from this relation so it is super important.
Now, what if we add an interaction? We assume that everything is
"perturbative” - i.e. the interactions are in a sense "small” compared

to everthing else. The the field gets modified slightly:

Pp 1

o(T,t) = W\/TTP

[ap(L>C—lf]);r +a;<l)ﬁip:l:}
While the [ax(t), a}(t)] relation is true at a single moment in time,
now that the operators depend on time, they will rotate into each

other. This means that it really helps for our calculations if we can
write everything in terms of free fields.



Cross Section
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R gave evidence of the Higgs particle:

Quantum
Field Theory

h

The y-axis is a plot of L - , the only important part is the
diffferential cross section: do(G, E) in general depends on angles and
energies. It tells us the probability that a scattering process will
occur. We can write it as:

do = eyl | M Mot sistes s (3 22 (27)*3(3 )

Most of this is just experimental stuff that is the same for every
experiment. The meat of the expression is all in the |M|* term.
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Scattering Amplitude

M is called the "scattering amplitude”. It is calculated via the
S-matrix.

The S-matrix is defined as a matrix element for a process where
initial states i (almost always 2 particle colliding) turn into states f,
where i are assumed to be free at t = —oo and f at t = co.

We can write it as:

<f|5|i>Heisenberg = <fv t= OO".; t= _OO>Schrodinger =
Iimt1—>—oo,tz—>oo<f|e’H(t2_tl)|i>-
We can calculate S-matrices using the theoretical tools of Feynman

diagrams. Actually, the scattering amplitude is really in the T-matrix:

S =1+ T, so we separate (f|i), a process that does nothing. The
relation for the scattering amplitude is:

(f|T|iy = (2m)26(>_ p)M. The delta function imposes momentum
conservation of the process.



S-matrix Calculations

Allen . . . .
' Now, we can calculate the S-matrix using two big pieces of

Knutson's

Juggling .
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N=4 Super- The LSZ formula:
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(P3P |S|Pip2) = [ /(1 217 P (O + m? ] [z‘/d%ﬂe”’"’”“(ﬂn+mQ)
X (Q[T{¢(1)d(w2)p(x3) - p(wn) }|Q), (6.19)

and writing it in free fields:

- O1T{go(@1) - go(@a)e' #"=Eatéil} o)
(QT{d (1) - -~ D) ) = O[T (e T F=Lulaal} [0) J

We plug the latter into the former. (I will not prove or show
how to get these formulas since it might take a couple of
lectures, but rather show how to think about them)
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Qe The LSZ formula

Field Theory

(p3 - pn |S| p1pa) = [i/cl‘luvle.*i‘“r1 (O + 1712)] {i/d‘lrne”’"m"(ﬂn +m?)

X (QUT{p(x1)d(w2)d(w3) - P(an) }Q),  (6.19)

basically says take the thing in the second equation and then
the integrals match up the particles with the data of the i and
fin (f|S]i).



Feynman 2
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Lo or o) - (01 T{ do(a) -~ o a)e’ | #=Caleel L [0)
(QUT{p(1) - -~ dlan) ) = O T{ed @=Lt} 0) ’

Field Theory

gives us the Feynman rules/Feynman diagram expansion via a rule
that is easy to prove called Wick's Theorem:

T{po(x1) - po(xn)} =: do(x1) - - po(xn) + all possible contractions:
The : stuff: symbol means that all operators a are moved to the
right, and all a' are moved to the left. This means that when they
hit the vacuum (0|operators|0), they die off, so only if everything is
contracted do we get something nonzero.

What's a contraction? It basically comes from :

[ak, ah] = (27)383(B — k), which is why we wanted to deal with free
fields.
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o — Let's close with an example that demonstrates how this works.
Field Theory Suppose Li,: = g¢?x. We have i = ¢1, x1 and f — 2, xo.

If we look at ,
(0| T{p1x102x2€8¢ X}|0)
= (0| T{p1x12x2(1 + g¥*x + 38°03xadE X5 + - - - }|0)

Note that since we are working perturbatively (so g is small), these
terms become less and less significant. So let's cut off after the
second power. Let's focus on the degree g2 terms:

(0| T{p1x102x2 382 P2 x a0 XE}0)



Feynman 4

Knﬁ't':gn,s Denoting the contractions with a bar over the fields, one

Juggling possibility is:
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b ¥

: A & §:¢1
7\I )\;

This diagram, according to the Feynman rules (which can be
worked out by going through all the details of what I've

2
described here), it will have a ngmz for the 2 vertices and the
¢

propagator in the middle. All internal lines have this form of
being in the denominator. This is just one diagram, for a single
power of g, in the entire amplitude.



Allen
Knutson's
Juggling
Patterns and
N=4 Super-
symmetric
Quantum
Field Theory

h

Final note: we need to make a distinction between tree-graphs and
loop-graphs.

For tree graphs: by summing all the momenta, given knowledge of
the external particles, everything is determined (on-shell):

the momenta are not all determined, so there will be an integral

J d*k in the amplitude. Thus we say that this particle is off-shell.
The loop-diagrams are known for their difficulty, and require
techngiues like renormalization. In what follows, everything will be
on-shell, so we avoid the need to deal with off-shell diagrams.
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W Assume all particles massless.
Field Theory

P1
Joseph _ _
; p1 . po+p3 p1—Ip2
Fluegemann M — . ReWI’Ite as: — .
P P2 Pab < pL+ip2  —po— P3>
P3

det(pap = pg — pf - p% - pg = 0 since massless.

Since the determinant is zero, we can decompose it as an outer
product: pap = p1 ® p2 = p)[p = A\ (different notation)
(note [pq], (pq) are 2-by-2 determinants).



Amplitudes basics 2
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Patterns and H H H
0 S Particles characterized by mass and spin.

YIS Mass is zero.

Quantum

it Tz We deal here with helicity instead:
helicity=spin projected onto direction of momentum.
We can denote

as As[++ — — -]
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Because flipping direction of arrow flips the spin/helicity, we can
redraw the previous diagram as:

t +

+

So all positive helicities in an incoming to outgoing process.
This is a sort of intuitive reason why we always need at least two +'s
ortwo -'s: A[+++++]=A+-—-—-—-]=0.

With exactly 2 minuses (called maximally violating helicity MHV

amplitudes), we get the famous Parke-Taylor formula:

12)*
Anl= = 4] = 5y

Famous since thousands of Feynman diagrams summed to this one
term.



3-particle Amplitudes
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I;’\lattaeg%s agnd (MHV)_+ A3[_ - ]_ (2312<> 31)

=4 Super- . 3
DRl et HWV) o AL+ - =

Field Theory
We can depict this another way: we have two 2-planes:

(1]a 2, 3,
1 2]p 3]s

Momentum conservation says: p; + p> + p3 = 0, which is

1)[1 4+ 2)[2+ 3)[3 = 0, which is a statement of a 2-by-2 matrix,
which says that the planes spanned by the p] matrix and p) matrix
are orthogonal:

) and similarly for the p) momenta.
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Patterns and

N=4 Super- linearly dependent

symmetric

AL < 1) ~ 2) ~ 3) are all proportional to each other
< all the determinants (jj) vanish

< we only have the + 4+ — amplitude = [2[31]2[]331] nonvanishing.
We can depict this as:

2" 2"
]_—< and 1+—<
3 3

where the white vertex is anti-MHV and the black vertex is
MHV



BCFW (tree-level)
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Field Theory We shift two momenta i and j with a complex number.z as
Yol follows:

Rl [zl ) o) - 2

So:

pi — i)li + 2i)lj = pi + zi)]j

b = )i — 20l = py — 20)j

Now we think of the amplitude M as an analytic function of z,

M(z); the amplitude is M(0).
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Patterns and

- dz 1 1
peiiell 0= § 552 M(2) = M(0) + 3 poles o+ 5w ResM(z7)
Quantum Remember form our Feynman diagrams that we have

Field Theory 1 i A
propagators iz on internal lines. Here we assumed that

everythign is massless, so the poles are:

'S
L

v

The pole only has z if i and j are on opposite sides, so the sum
if >, is across all such lines.



Allen
Knutson's
Juggling
Patterns and
N=4 Super-
symmetric
Quantum
Field Theory

ph
nn

BCFW recursion

Thus, the BCFW formula says: A

M(O) =Ap= Zdiagrams | AL(Z*)poAR(Z*)'

Note that A; and Ag are lower-point amplitudes, so the idea of
this recursion is that we can rewrite the amplitude with
lower-point amplitudes. ldeally, as is true for certain theories,
we can break everything into products of 3-point amplitudes:

(Note that each sum has an implicit sum over all states that
could be exchanged on the internal line, e.g. helicities

(=), (+-))



Optical Theorem/Unitarity Cuts/Cutkowsky
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Field Theory ( >j_< ) m >
h
2T ( >M‘N~<) [an >~<

symmetric

The dIM is a sum across all states that can pass through the internal
lines. Note that before we had to integrate over all momentum d*p
but now they are on shell: p? =0, so we just have to sum across
these states.
Optical theorem comes from a simple complex analysis exercise:
Imﬁ = 77r(5(p m?) which produces the residue of the

integrand at p? = m°.

Quantum N

2




On-shell diagrams

Allen In our cases of interest (i.e. N=4 SYM) this works for the full

Knutson's

Juggling amplitude, not just the imaginary part.

Patterns and . . i
N=4 Super- So we can use maximal cuts on a diagram like:
symmetric
Quantum
Field Theory | 2

to put all internal lines on shell (summed over possible internal
states).

If everything is 3-particle vertices (which we can get by doing
BCFW), then we get on-shell diagrams that look like:




On-Shell cont
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ymmetri We can think of on-shell diagrams in 3 ways:
GERIEM (1) The aforementioned way of "maximal cuts” putting all
propagators on-shell
(2) Taking 3-particle vertices and gluing them together, and
attaching them with [ d?/)d?l]d*n;/U(1) (more on this
method below)
(3) Taking an amplitude of a certain number of particles of
certain helicities and applying BCFW continually until we've
expanded the amplitude into a big sum of 3-particle vertex

diagrams like the one shown in the previous page.
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This is the reason why we don't need to label helicities on lines.
Supersymmetry means that there is a symmetry of the Lagrangian of
exchange of fermions (even-dim fields, half-integer spin/helicity) and
bosons. So there are supersymmetry generators (Lie algebra
generators of the Lie group).

N=4 SYM is a theory with 16 particles:

« . A B JABC ) Q1234
< < N < <—
1gluon g+ 4gluinos A4 Gscalars SAR 4gluinos AABE ~ R 1 gluon g—

It is unique because it is maximally supersymmetry: every field can
be moved to another field via applications of generators. Thus, we
can write the entire thing as a superfield:

1 s 1 )
Q =gt +nant - ‘7,’/,\'/1:5'4” — arnansneA*C

3 e g~

And we have a notion of a superamplitude (curly A) with the
superfield as inputs, from which we can project out the amplitudes:

4 4
o )

A0t ity = 7 N Q

(i) (Hf),,m)(nfi[]aw)ml )

et
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Forming a Matrix

Each on-shell diagram is associated with a matrix. Recall (2), the
idea of gluing together 3-particle amplitudes. The matrix is obviously
associated to the momentum of each vertex, and then we glue:
2 3 2 3
1 4 1 4
1 2 1T I3 4

1
1 2 1 1'3 4

1wy wp
10 b Cc= 10 by
152 1 b

Direct/Outer Products

(fuf) = fixf fef ¢i = ¢ N (catep)t
(C1,C2) = Cr®Cr C Gky+ka, ny+n2) C — C/(catcp) CG(k—1,n—-2)
(1. Q) = U A (di,d)—di+dy| Q— Q/vol(GL(1))  d—d—1

2 3

(T wy wi)

Amalgamation: Gluing Legs (A, B)




Allen
Knutson's
Juggling
Patterns and
N=4 Super-
symmetric
Quantum
Field Theory

h

Amplitude

That process is complicated and can get unwieldy very quickly. If we
do manage to get a matrix, we can put it into this integral to get the
amplitude (or rather, the part of the amplitude associated to this
diagram):

f;k) 7/% /\___/\’i:l ka-'l((/w_'f/')o‘kxl(c_X)d‘Qx(y)—k)()\'(jL)»

This form can be found by going to the boundaries of the top-form of
the Grassmannian:

(k) _ e dkxn(“ﬁ) Skx2 (v Y) 52x(n—k) (\ 1L
fo= ]{vol((ﬂ,(l")) (Teeek)eee(neek=1) (@-N)a (.
ccr,

This integral was apparently the first place in the subject where
Grassmannians entered. It was found by considering the most general
formula obeying cyclic and Yangian symmetries. They found a GL(k)
symmetry of a GL(k, n) matrix, which computes the amplitude for a
process with k negative-helicity gluons and n total gluons, by taking
residues around certain poles: each residue is a term in the BCFW
expansion, and corresponds to an on-shell diagram.




Positroids
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symmetric
s oo . . e
B A it is in the span of all columns to the right including this final
column.
For example:

100100
010001
000O0OT10

has permutation (3,4,0,3,6,2).

If we consider cutting up the Grassmannian by those matrices
satisfying these sorts of permutation, then we get: the
positroid stratification. These define nice varieties (positroid
varieties) studied by Knutson, Lam, and Speyer.



Juggling Patterns
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4 6 3 7 11 8

3 4 0 3 6 2

In Gr(k, n), k is the number of balls, n is a period of say n
seconds, and each time a column a is in the span of the
following columns a + 1,...,0(a), is where the ball thrown at
time a lands (at time o(a) seconds in front). Note these are

one-hand juggling pattners.



Another Permutation

Al We have another permutation given by left-right paths: turn
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Left-Right Paths

AL One can show that these left-right paths encode the physics,
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&0 -9

We can apply these to do something like the following:



Equivalence of Permutations

Al Let's show that these two permutations are the same. We do
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IS il into a diagram is the same as doing BCFW (think (3) above):

symmetric
uantum
Q a

Field Theory b 4 A b 4a b
Q—0
| PoSS s S O8

Recall that for white vertices, all p) are parallel whereas all p]
are parallel for black vertices. The internal momentum is of the
form p)[g. Since it is attached to the first vertex where all p)
are parallel to p,), we must have p) = cp,) for some scalar c.
Similarly for [g = [pp.

Thus, adding the momenta together, we get:

Pa = pa + zPa)[Pb

~

Pb = Pb — zPa)[pb
This is exactly BCFW!



BCFW bridges

Al We can successively build up any permutation by using BCFW

Knutson's

Juggling bridges. Here's an example: {4,6,5,7,8,9}. The rule is:

Patterns and

N=4 Sutpler» o= (ac)- o’ for 1 < a < ¢ < n the lex-first separated pair with
symmetric .
Quantum only self-b's in-between and o(a) < o(c).
Field Theory
oh flil‘ii? 1 23456 1
I A ¢
(25) [ 4 8 9
83 6 89 6 3
(12 O f 3<:> ~
(?5) 5 8 9
(23) < 0 5 4
(36) .
l[:l;\‘
4
s/u“)) ((nuw {6,5,4,7,8,9} («».1'7;0)

123

b-0:9-

(x";l&‘)) {7,6,8.4.5 {7,8.6,4,5,9) {7.8,9,4,5,6}
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I permutations, we use the BCFW bridges to create a matrix

Quantum

It iz that has the same permutation for both.
J >h

1 2 3 4 5 6
714 4 1 1 | || BCFW shift
025 5T st
(23) 6 b s bl = 3+ ey
(34) 6 5 7 . I Cy > cq + ey
(23) 6 7 . 5 5 0 c3 > 3+ ascy
(12)] ~» 6 r] i q Co 3 Cy + e
(35) 6 s 1 0 C5 > 5+ ascs
(23) <6 | = ¢y + (acy
(36) . 6 > cg+ 1cs
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symmetric 100000\ (0 (10000 0) (o0 (100000) o0 (1000 0 0
Quantum 010000 2% 010000 | 2% J01a 000 | 2% |01as0asas 0
Field Theory 001000/ “* \oo100a) “® \oot100a) ™ \0010 a5

oh {7.8.9.4.5,6) {7.8,6,4.5.9} 17,6.8.4.5.9} {7.6.5,4,8,9}

emann

)

lay agas agasog 0 0 (34) lag agas 0 0 0 23) lag 00 0 0
0 1 (ao4as) (ao+as)ag asas 0 |«——[0 1 (a2+as) 0 asaz 0 |«——=|0 1 as 0 asasz 0

g o

00 1 g ag o 00 1 0 a3 o 00 10 az o
{6.5.4,7.8,0} {6.5.7.4,8,9} {6.7.5,4,8,0}
(23)1&7

1oy ag(as+or) agosog 0 0 1 (ou+ag) oy (as+or)  auosog 0 0

12
0 1 (astas+ar) (aa+as) ag asaz 0 (0—)> 0 1 (ao+as+ar) (aa+as) ag asas 0
00 1 ag as  ay 5 0 0 1 ag a3z o

{6.4.5.7,8,9} {4.6.5,7,8,9}



Equivalence Proof

Knﬁ't':;‘n.s The proof that this matrix has the same permutation for both

Paltsegrgr:isnagnd left-right paths and the positroid consecutive-rows calculation is not
N=4 Super- difficult. The matrix was created by doing the following shift:
et Cat1 = Cat1 + @, We have o(a) > o(a+ 1). Since the shifted ¢,
IFtlk] izay now has a multiple of column ¢, added, and the soonest column c; is
ph in the span of columns is o(a), this is the new value: o(c)}1) = o(a).
. Similarly, rearranging we get ¢, = é(ca}l — Cat1), SINCE Caq1 is in the
span of {Cat2,..., Co(at1)} and c5y1 is even before that, ¢, is already
in the span of ¢;}1, ..., Cp(ag1)- Thatis, 0(a) = o(a+1). Thus, the
BCFW bridge switches o(a) and o(a + 1).




Summary
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Jugglin . . .
Patterns and switch the left-right paths for the corresponding edges. What
N=4 Super- . . .
syr:metpric we have shown is that in does the same thing on the

Quantum

Field Theory permutation obtained by considering linear dependencies of
columns.

-This is in general a different matrix that found by fusing
together 3-particle amplitudes. However, this doesn’t matter
because we saw that the physics is captured by the left-right
paths.

-Thus, this matrix is sufficient for us to plug into the integral
formula:

ay Qg

f(&k) _ /@ A A @ (5kx4(clﬁ)o~kx2(C.X)(s?x(n—k)()\.cu_)'
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symmetric We have shown that juggling patterns characterize physics! (of

SR planar on-shell N=4 SYM amplitudes)

Geometrically, juggling patterns are cells in the positroid
stratification of the positive Grassmannian.

Each on-shell diagram, and the subset of matrices it
determined via left-right paths, and the result of the
integration, is a term in a BCFW expansion.

We can further decompose via BCFW by going to the
boundaries of its positroid variety.



