Part 1 of Grassmannian Integrals:
Grassmannian for scattering amplitudes in 4d N' = 4 SYM and 3d ABJM
by Elvang, Huang, Keeler, Lam, Olson, Roland, and Speyer

Joseph Fluegemann

Cornell University

Geometry and Amplitudes Journal Club, Fall 2023

Joseph Fluegemann (Cornell) Grassmannian Integrals September 19, 2023 1/18



Grassmannian Integrals

We will be studying “Grassmannian integral” expressions that look like the
following:
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This is the “link representation” first conjectured by Arkani-Hamed,
Cachazo, Chueng, and Kaplan in 2009.

Before going into the details, we ask 2 questions:

(1) Why do we care?
(2) What does this have to do with the Grassmannian?
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Why do we care?

Perhaps the a similar question is how that link formula was obtained.

We have the well-known BCFW recursion relations for obtaining
amplitudes. In color-ordered planar N/ = 4 SYM, each BCFW term for a
tree amplitude turns out to be a Yangian invariant. So if we find a formula
that generates all Yangian invariants, then this formula will generate all
BCFW terms, giving us a way to get the amplitude. BCFW terms are also
related to leading singularities, which are also Yangian invariant, so such a
formula would also generate all leading singularities.

It was proven that for given n and k, £, « is the unique cyclically invariant
integral-expression that generates all Yangian invariants.
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Grassmannians

For the second question, it would be good to first define what a Grassmannian is:
Let V be an n-dimensional vector space (over R or C)

For any integer 0 < k < n, Gri(V) is the set of all n-dimensional linear subspaces
(through the origin) of V. In the context of scattering amplitudes, n counts the

number of external particles while k is related to particle helicities.

Examples:
(1) Gr(0,n) = {0} the origin

(2) Gr(n,n) = C" the whole space (is a point in the Grassmannian)

We have a natural duality: Gr(k, n) = Gr(n — k, n) by considering the
"orthogonal complement” L+ of L € Gr(k, n).

(3) Gr(1,n) = P
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Writing Grassmannians

We tend to write Gr(k, n) as GL(k)\[full rank k x n matrices|, and think
about it as k row vectors spanning a plane up to invertible basis
transformation inside the plane.

Each point in Gr(k, n) given by GL(k)\[k x n], since it is full rank, has a
set of columns A\ € ([Z]) whose determinant is nonzero, so we can use

1 = 0 0
0 x 1 0

GL(k) to set A to be the identity so (kxn) = | . . . | where
0 = 0 1

the 00---1---0 columns are in .
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What does this have to do with Grassmannians?

To motivate where the Grassmannian comes from, let's take another look
at the formula:

Lok /GL Hé“"‘(ZC,W,)

. . . ankCai
We see an integral over a Grassmannian; namely, the gLk Part.
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What does this have to do with Grassmannians?

Why do we have these variables C,;?

One way to think about it, is that this linearizes momentum conservation. In
spinor helicity, momentum conservation is the equation

>l =0

, and we know that Lorentz transformations will rotate the 2 row vectors of each
A A by SL(2). So this equation says that the 2-planes given by \ and X are
orthogonal. This can be encoded with an auxiliary matrix C where

A C C,\ C C* via the delta equations: 6(C - \)§(CL - \).

So we have these variables C,;, which can be assembled into a matrix. But to be
a Grassmannian, we need to have that GL(k) action. Where does this come from?

We can easily compute that L, (W) = [ d"XkCa'- [T 54|4<27_1 Ca/W,A> is

J

invariant if we send C,; — M - C;;, M € GL(k) Exerase.
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Goal of Paper

The goal of the paper is to relate Grassmannian integral formulas written
in 3 different formulations:

Twistor Space:

. dI;XnB 54/;|4I~<(B . W)
Lok(W) = = .
nk(V) GL(k) mimz...mp

Momentum Space:

GL(k) mymy - m, ’

Momentum Twistor Space:

- kxn 2k B i~i 2(n—k) BL . (ak) B.:
,C,n;k(Ay)Hﬁ):/d B9 ( oz)\)5 ( ozl)‘)(S ( a'r]A)

dkxnc 54k\4k(C . Z)
_ AMHV
En;k(z)_'An GL(k) M]_MQ"'M,,'
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Kinematic Spaces

Thus, let's review these different notions.
For n-particle N\MHV amplitudes in 4d planar A" = 4 SYM there are three
formulations of the external data:

@ The momentum space formulation uses the spinor helicity representation
for the external momenta, e.g. p,; = A;A;. The relevant Grassmannian is
G(k +2,n).

@ The twistor space formulation encodes the data via a half-Fourier
transform of the external momenta, i.e. a Fourier transform of \, but not .
This representation makes the superconformal symmetry SU(2,2|4)
manifest. As in momentum space, the Grassmannian is G(k + 2, n).

@ The momentum twistor formulation is applicable in the planar limit and
makes the dual superconformal symmetry SU(2,2|4) manifest. The relevant
Grassmannian is G(k, n). If we remember the last equation on the previous
slide, we can think about this -2 lower degree k in terms of the MHV factor
that got stripped off: AMHV.
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Relating Kinematic Spaces

Here is a summary of how to move between the different versions:

twistor space momentum space momentum twistor space
W= (i, Mlfi)  «— Qo) Zi= (N, | mi)
Fourier transform incidence relations
eq (2.6) eq
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Twistor Space to Momentum Space

For the first one, twistor space is obtained from momentum space via a
Fourier transform of )\;, formally via

/dz)\j exp(—ifif)ja) e,

for each j =1,2,...,n. The bullet indicates the expression that is Fourier
transformed. The external data is then encoded in the 4-component

twistor W; = (fi;, A;) and its companion, the supertwistor
Wi = (i, i | 71;)-
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Momentum Space to Momentum Twistor Space

For the second arrow, let's quickly introduce momentum twistors.
Dual space is defined by the relation:

pi = yl' =yl 1, or if we go to spinor-helicity notation:

p,‘?"a = y,-‘”"a — y,-‘ifl. We can depict this with the following picture:

Since p?? = — |i)?[i|?, if we contract both sides with (i|,, we get:
—({il51)°[117) = 0 = (il; 57 = (il 72

Thus, we define: [ui|? := (i|, ¥ = (il 72,

The momentum twistors are denoted: Z! = (|i), [1i]).
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Exercise

The formula above shows that a point Z,-’ corresponds to a null-line in y-space
(the null line passing through y; and y;y1).

Similarly, a line in Z-space determines a point in y-space. Exercise: prove this.
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Exercise

The formula above shows that a point Z,-’ corresponds to a null-line in y-space
(the null line passing through y; and y;y1).

Similarly, a line in Z-space determines a point in y-space. Exercise: prove this.
Hint. Prove:

|12 [piza|® = |i = 1)% [l
= '

aa __
Yio =
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Exercise

The formula above shows that a point Z,-’ corresponds to a null-line in y-space
(the null line passing through y; and y;y1).
Similarly, a line in Z-space determines a point in y-space. Exercise: prove this.
Hint. Prove: ) )

1) [pia|® — i = 1) [pil®
<’ - ]-a "> '
Answer: note that the point y?? is involved in two incidence relations: [u;| = (i|y;
and [ui—1| = (i — 1|y;. Combining these leads to

aa __
Yio =

D8 Gieal? = 1= 1P il = (1080 = 10— 1 = D(ila) v = (i=1,1) ¥/
Question: typo?
(10807 = 115 — 17 = 1)4il3) v* =

Y207 — 1)1y — |i = 1)P(il1y2e + )2 (i — Loy — |i — 1)P(ilay?® # (i — 1) yP?
777
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Answer /Correction

R P e e P N (O R P R V(TS R I W R

Question: typo???
Answer: The formula is correct. It must be, because the first comes purely from substituting the incidence relations, and we
e DT i1 1P =11 ()P . L . .
know that the solution is: y7? = R o i the 2nd equality (giving the thing on the very right) must be
the answer. The question is how to get there.
They key thing is to be very careful with signs and raising/lowering via the epsilon symbol (in particular, which index on the
epsilon symbol matters). For this, the main formulas are:
5b 0 1 . i . , .
e = (b = 1 0) = —€ap = —e;, which gives us: |p)? = e3P (Pl and (p|; =€, \p)b.

We could do this by writing the matrices out explicitly. Because y?? = Yu ()3, we would get

yé‘a = Yo — 3 v+ iy . This would be the right side. On the left side, we would have something like
—y1 —iy2 Yo +y3

—yi— 2 Yoty

—Yotys y1—iy

the quicker way to do this is the following.

epééy'éa = —y?. This turns out to be ( ) We can multiply out the matrices and get the answer. But
We first rewrite everything in kets: (i — 1, /) y’-ba = (=1l \i)‘éyib‘a = ez i — 1)€ \i)‘éyib‘a on the right.

On the left, (\r‘)b<i — 15— li— 1>b<f|é) yi? = ea-c-(|i>b li—1)¢ — i — 1) i) ) 32, Now, if b = ¢, then the expression
is zero. So let’s consider the cases of b.

If b =1, then ¢ = 2, but then this implies that 4 = 1 in €;¢; in other words: b=1= 4=1, and similarly we can show
b =2 = 4 =2. In the former case, we have €;c = €j; = —1, while in the latter, e;c = €5; = —1. Therefore, in both cases,

we have eéé(“)b li—1)¢ —|i—1)b €)= (In21i = DY = 1i = 12| ) = (i = 1,i), while & = b. Thus the
statement is proved.

Joseph Fluegemann (Cornell) Grassmannian Integrals September 19, 2023 14 /18



Exercise

We can go directly from momentum twistors to momentum space without
using dual space with the relation:

[l = (41, Dpical + Gy = Dpiga| + (= 1,7+ Dfpi]
(i—1,i)(i,i+1) '

Exercise: prove.
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Exercise Solution

Solution:

Pi =Yi — Yi+1
102 [pical® = 1P = D3 [wil® 1+ 12 [wil® = 1) (i
(i—1,i) (iyi+1)
Y3 Gy i+ 1) [pica]® = 1P = D2 (i + 1) [wi]® = [+ 17 G = 1,0) [l + 0% (0 = 1,0) [piga]®
(=1, i +1)
G Tl = (= D2 (i 1) 112 = 1)) bl 107 G = 1,0 [y
(= 1,0, i+1)
1) G+ 1) mim1l = (103G + 1,0 = 1) [ + 107 (6 = 1, [wial?®
(ifl,i>(i,i+l)
102 (Gi 1) gl = G 07 =2) Bl 4 G = 1,7) g )

(i—1,0)(i,i+1)

where we used the Schouten identity |/ — 1) (i, i+ 1) + [i+ 1) (i —1,i) + |i) (i+1,i — 1) = 0, and the identity follows
upon using p; = |i)?[i|?



Exercise Solution

Solution:

Pi = Yi — Yit1
[ [pi—a® = I = D7 [wil® 1+ )7 [l — )7 [pira|®
=10 (it 1)

DA [P = (=02 G+ 112G = 1,0) [l + 107 (= 1,0) [sia]®
N (i—1,iy(,i+1)
13 Gy i+ 1) [pie1)® = (102 G4+ 1,0 = 1)) [w? 4 1) (= 1,4) [piga ]
(i — 1,0y, i+1)
102 (Gi 1) gl = G 07 =2) Bl 4 G = 1,7) g )

(i—1,0)(i,i+1)

where we used the Schouten identity |/ — 1) (i, i+ 1) + [i+ 1) (i —1,i) + |i) (i+1,i — 1) = 0, and the identity follows
upon using p; = |i)?[i|?



Exercise Solution

Solution:

Pi = Yi — Yit1
[ [pi—a® = I = D7 [wil® 1+ )7 [l — )7 [pira|®
=10 (it 1)

1192 ¢y i+ 1) [pia)® = (1% G+ 1,0 = 1)) [wi]® + 1% (0 = 1,) [wigal®
(i — 1,0 (i, i+ 1)

102 (Gi 1) gl = G 07 =2) Bl 4 G = 1,7) g )

(i—1,0)(i,i+1)

where we used the Schouten identity |/ — 1) (i, i+ 1) + [i+ 1) (i —1,i) + |i) (i+1,i — 1) = 0, and the identity follows
upon using p; = |i)?[i|?



Exercise Solution

Solution:

Pi = Yi — Yi+1
DT i = 1 =) [T 1 D ()7 — 1) i |
=10 (it 1)

102 (Gi 1) gl = G 07 =2) Bl 4 G = 1,7) g )

- (i—1,0)(i,i+1)

where we used the Schouten identity |/ — 1) (i, i+ 1) + [i+ 1) (i —1,i) + |i) (i+1,i — 1) = 0, and the identity follows
upon using p; = |i)?[i|?
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Exercise Solution

Solution:

Pi =Yi — Yi+1
102 [pical® = 1P = D3 [wil® 1+ 12 [wil® = 1) (i
(i—1,i) (iyi+1)
Y3 Gy i+ 1) [pica]® = 1P = D2 (i + 1) [wi]® = [+ 17 G = 1,0) [l + 0% (0 = 1,0) [piga]®
(=1, i +1)
G Tl = (= D2 (i 1) 112 = 1)) bl 107 G = 1,0 [y
(= 1,0, i+1)
1) G+ 1) mim1l = (103G + 1,0 = 1) [ + 107 (6 = 1, [wial?®
(ifl,i>(i,i+l)
102 (Gi 1) gl = G 07 =2) Bl 4 G = 1,7) g )

(i—1,0)(i,i+1)

where we used the Schouten identity |/ — 1) (i, i+ 1) + [i+ 1) (i —1,i) + |i) (i+1,i — 1) = 0, and the identity follows
upon using p; = |i)?[i|?
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Recap: Goal of Paper

The goal of the paper is to relate Grassmannian integral formulas written
in 3 different formulations:

Twistor Space:

E dI;XnB 54/?|4I;(Bw)
2 (W) = = .
nk(V) GL(k) mimz...mp

Momentum Space:

. dkxnp 52’;(3@/ ) 52("_;)(3«1%)‘/') 54k (Bai 7lia)
En;k(A7 )\777) = / GL(/;) mimy---mp ’

Momentum Twistor Space:

dkxnc 54k\4k(C . Z)
_ AMHV
En;k(z)_'An GL(k) M]_MQ"'M,,'
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Next Time

The plan for next time:

-Go through the calculations of how to transform from one Grassmann
integral representation to another (big focus on momentum space to
momentum twistor space version - related to T-duality)

Depending on time:

-One immediate application: can use this method to write the momentum
twistor space ABJM Grassmannian integral formula (which was supposed
to facilitate the jump to the ABJM amplituhedron)

-Do an example of an explicit calculation with one of these Grassmannian
integral formulae
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